
UniversePG l www.universepg.com 21 

 
 

 

 

Conference Paper 

Quantization and Assessment of the Gravitational Waves 
 

Md. Ashik Iqbal1* and Mohiuddin Ahmed2* 

 
1&2Faculty Member in Mathematics, Department of Computer Science and Engineering, North Western University 

(NWU), Khulna, Bangladesh.  
 

*Correspondence: ashikiqbalmath@gmail.com (Md. Ashik Iqbal), and mohiuddina6@gmail.com (Mohiuddin Ahmed), 

Faculty Member in Mathematics, Department of Computer Science and Engineering, NWU, Khulna, Bangladesh). 
 

§ Presented at the International conference on Applied Science Mathematics and Statistics (ICASMS - 2020), 25-26 

January 2021, Sydney, Australia; organized by SciencePlus Global Research Forum. 
 

 

ABSTRACT 

General Relativity describes the movement of bodies in strong gravitational fields with the geometrical 

structure of the dynamical space-time continuum. Accelerating objects produce changes in the curvature 

which propagate outwards at the speed of light in a wave-like manner which transport energy as gravi-

tational radiation and this phenomenon are known as gravitational waves. 
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INTRODUCTION: 

Gravitational waves are ripples in the structure of 

space-time which propagate as waves and travels 

outward from the source. One of the vital properties 

of this wave is that it transports energy as gravi-

tational radiation and this radiation or energy creates 

the distortion of the medium (Ohanian and Ruffini, 

1994). In General theory of relativity, this radiation 

known as gravity which is connected to space-time 

curvature (Narlikar, 1978; Max, B. Einsteins’s, 

1964; Clarke, 1929; Hughston and Tod, 1990; Fos-

ter, 1994; and Biressa and Pacheco, 2011). Heavy 

mass creates this curvature (Weinberg, 1972). 
 

Identifying of Gravitational waves 

The LIGO (Laser Interferometer Gravitational-Wave 

Observatory) scientific collaboration announce on 11 

February 2016 the identifying of gravitational waves 

which is known as quadruple wave which uses the 

space-time as a medium (Ohanian and Ruffini, 

1994). By the expansion and contraction of the space 

it spreads out through the medium. The character of 

quadruple wave is that if it contracts the space to the 

horizon, the space will be expansion to the upright at 

the same time and vice-versa (Caroll, 2019). 

 

By the ultimate slice of a minimum time of the 

unification, it released over force than fifty times that 

of all the heavenly body in the notice able united 

cosmos. The single picks up the high place between 

the vibration of 35 and 250 Hz. By rotating two dead 

massive stars a black hole is created which creates 

distortion over the space time known as gravitational 

waves (Ohanian and Ruffini, 1994). This wave has 

two vital and singular characters. Primarily, it is 

need not to present the substance for creating of the 

waves by a dual system of zero charged black holes, 

which would transmit no electromagnetic diffusion. 

And another is that it can take across any interior 

body without being dispersed. Light from remote 
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stars may be enclosed out by stellar pollen, while 

gravitational waves will cross originally unhindered 

(Ohanian and Ruffini, 1994). By these two modes 

this waves bear information about astronomical 

occurrence never before noticed by humans. 

 

Plane-Wave Solutions and the Transverse Trace-

less (TT) Gauge 
 

The Linearized field eq. in empty space is given by 
 

⧠2𝐻
 𝜇𝜐  

= 0                                               (1) 
 

With the flat wave solutions, 

𝐻
 𝜇𝜐 

= 𝑅𝑒[𝐴
 𝜇𝜐  

exp(𝑖𝑘𝛼𝑥𝛼)]                     (2) 

 

Where 𝐴
 𝜇𝜐  

is fixed, symmetric, rank-2, and 𝑘
𝜇  

≡

𝜂
 𝜇𝛼  

𝑘𝛼 is a fixed four-vector familiar to the wave 

vector in the approach of extension and Re stands for 

“real part”. Putting (2) into (1), we have the 

condition (Wapstra and Nijgh, 1955). 
 

𝑘𝛼𝑘𝛼 = 0                                                    (3) 

 

𝜕𝜐 𝐻
 𝜇𝜐  

= 0, 𝐴
 𝜇𝜐  

𝑘𝜐 = 0                                (4) 

 

Since 

𝐻
 𝜇𝜐 

= 𝐻
𝜐𝜇 

 
 

Then the amplitude tensor 𝐴
 𝜇𝜐  

has 10 different 

(complex) components, but the condition (4) [𝐴
 𝜇𝜐  

is 

orthogonal (transverse) to 𝑘𝜐] gives four conditions 

on these, cutting their number down to 6. The gauge 

condition. 
 

⧠2𝜉𝜇 = 0                                                         (5)   

 

Suppose a plane wave propagating in the 𝑥3   

direction, so that 

 

𝑘𝜇 = (𝑘, 0,0, 𝑘), 𝑘𝜐 = (𝑘, 0,0, −𝑘) 

 

Equation (4) implies that 𝐴𝜇0 = 𝐴𝜇3, which yields 

the matrix 

[ 𝐴
𝜇𝜐  

] =

[
 
 
 
 
𝐴00  𝐴01 𝐴02  𝐴00  

𝐴01  

𝐴02  

𝐴11  𝐴12 

𝐴12  𝐴22  

𝐴01  

𝐴02  

𝐴00  𝐴01  𝐴02  𝐴00  
]
 
 
 
 

            (6) 

 

Let the solution of (6) as 
 

𝜉
𝜇𝜐 

= −𝑅𝑒[𝑖휀
𝜇  

exp(𝑖𝑘𝛼𝑥𝛼)] 
 

Where,  𝜖
𝜇  

are constants? We have 

𝜕𝜐𝜉
𝜇 

= 𝑅𝑒[휀
𝜇  

𝑘𝜐 exp(𝑖𝑘𝛼𝑥𝛼)]                       (7) 
 

In the new gauge (7) becomes 

𝐻𝜇′𝜐′
= 𝑅𝑒[𝐴𝜇′𝜐′

exp(𝑖𝑘𝛼′𝑥
𝛼′)] 

 

But 

𝐻𝜇′𝜐′
= (𝐻

 𝜇𝜐  
− 𝜕𝜐𝜉𝜇 − 𝜕𝜇𝜉𝜐 +  𝜂 𝜇𝜐 𝜕𝛼𝜉𝛼 

 

From which, using (7), we obtain 

𝐴𝜇′𝜐′
 =  (𝐴

𝜇𝜐  
− 𝑘𝜐휀𝜇 − 𝑘𝜇휀𝜐 +  𝜂 𝜇𝜐 (𝑘𝛼휀𝛼) 

 

Since exp(𝑖𝑘𝛼′𝑥
𝛼′) differs from exp(𝑖𝑘𝛼𝑥𝛼)  by 

only a first-order quantity (Banu et al., 2021). 

We conveniently choose constants  휀𝜇 as follows: 
 

 휀0   = (2 𝐴00  +  𝐴11  +  𝐴22)
1

4𝑘
, 휀1 = ( 𝐴01  /𝑘) 

 휀2 = ( 𝐴02  /𝑘), 휀3 = ( 2𝐴00  −  𝐴11 − 𝐴22  )/4𝑘) 
 

So that  𝐴0′0′
= 𝐴0′1′

= 𝐴0′2′
= 0 and 𝐴1′1 =

−𝐴2′2′
 

On dropping primes the matrix of amplitude tensor 

and this wave in this gauge travelling in the 

𝑥3direction, the two components  𝐴11   and 𝐴12   

completely characterize the wave. In this gauge 
 

𝐻 ≡ 𝐻𝜇
𝜇

= 0 

𝐴00  = 𝐴33  = 0 and 𝐴11  = −𝐴22   
 

It then follows that ℎ = 0 so that there is no 

difference between ℎ𝜇𝜐  and  𝜇𝐻𝜇𝜐: 
 

Because of  ℎ = 𝐻 = 0  the gauge is called traceless, 

and because of     

ℎ0𝜇 = 𝐻0𝜇 = 0 
 

It is called transverse.  
 

Gravitational Waves Propagate through Empty 

Space-time with Light velocity 
 

Maxwell’s equations are second order differential 

equation under a suitable gauge condition (Richard, 

1983). We have the Minkowskian metric is of the 

form (Stephani, 2004; Wapstra and Nijgh, 1955). 
 

𝜂𝜇𝝊 = 𝜂𝜇𝝊 = (−1,1,1,1)                             (8) 
 

Here,  𝘨𝜇𝝊 is poor, if 

|𝘨𝜇𝝊 − 𝜂𝜇𝝊| ≪ 1 

http://www.universepg.com/
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We suppose that it can be expanded as an infinite 

series 

𝘨𝜇𝝊 = 𝜂𝜇𝝊 + 𝜆1𝘨𝜇𝝊 + 𝜆2
2𝘨𝜇𝝊 + ⋯ 

 

Where, 𝜆  is some small parameter? If we limit 

ourselves to the first order term 𝜆1𝘨𝜇𝝊 alone, we can 

write 

 𝘨𝜇𝝊 ≃ 𝜂𝜇𝝊 + ℎ𝜇𝝊 
 

If we put  

ℎ 𝜇𝝊 = 𝜂𝜇𝜎𝜂𝝊𝜌ℎ𝜎𝜌 
 

Then, from 𝘨𝜇𝜆𝘨
𝝊𝜆=𝛿𝜇

𝝊, we get 

𝘨 𝜇𝝊 ≃   𝜂 𝜇𝝊 − ℎ 𝜇𝝊 
 

To derive the linearized Einstein equations we have 

to find the first approximation value of the Ricci 

tensor, the Ricci scalar, and the Christoffel symbols 

(Ahmed and Iqbal, 2020). A simple calculation then 

gives  

𝛤𝜇𝝊
𝜆 =

1

2
(𝜕𝜇ℎ 𝜐

𝜆  + 𝜕𝜐ℎ  𝜇
𝜆  − 𝜕𝜆 ℎ𝜇𝝊)            (9)                                                                                                                                                                          

 

So, the Ricci tensor is  
 

𝑅𝜇𝜐=
1

2
( 𝜕𝜆𝜕𝜇ℎ 𝜐

𝜆  + 𝜕𝜆𝜕𝜐ℎ 𝜇
𝜆  − 𝜕𝜆𝜕𝜆ℎ 𝜇𝜐 −

𝜕𝜐𝜕𝜇ℎ )                                                                    (10) 
 

The field equations implies (Weinberg’s, 1972). 

𝜕𝜆𝜕𝜇ℎ  𝜐
𝜆  + 𝜕𝜆𝜕𝜐ℎ  𝜇

𝜆  − 𝜕𝜆𝜕𝜆ℎ 𝜇𝜐 − 𝜕𝜐𝜕𝜇ℎ

− 𝜂𝜇𝝊 (𝜕𝜌𝜕𝜆ℎ
𝜆𝜌  

− 𝜕𝜆𝜕𝜆ℎ)

= 2𝜅𝑇𝜇𝝊 
 

Introducing the new variables 

𝐻𝜇𝜐 = ℎ𝜇𝜐 −
1

2
𝜂𝜇𝝊 ℎ 

 

We obtain  

−𝜕𝜆𝜕𝜆𝐻𝜇𝜐 − (𝜂𝜇𝜐𝜕𝜌𝜕𝜆𝐻
𝜆𝜌 − 𝜕𝜆𝜕𝜇𝐻  𝜐

𝜆 −

𝜕𝜆𝜕𝜐𝐻  𝜇
𝜆 ) = 2𝜅𝑇𝜇𝝊                                     (11) 

 

We further simplify (11) by a gauge transformation 

defined by 

𝑥𝜇′
≡ 𝑥𝜇 + 𝜉𝜇(𝑥𝛼)                                   (12) 

 

Now the matrix element is given by 

∧𝜐
𝜇′

= 𝛿𝜐
𝜇

+𝜕𝜐𝜉
𝜇                                           (13) 

 

We find  
 

𝘨𝜇′𝜐′
=𝜂𝜇′𝜐′

− ℎ𝜇′𝜐′
=  𝜂 𝜇𝜐 + 𝜕𝜇𝜉𝜐 + 𝜕𝜐𝜉𝜇 − ℎ

 𝜇𝜐  
 

Neglecting products of small quantities it leads on 

rearranging to 
 

ℎ𝜇′𝜐′
= ℎ

 𝜇𝜐  
− 𝜕𝜐𝜉𝜇 − 𝜕𝜇𝜉𝜐                        (14) 

 

Contracting with 𝜂𝜇𝜐 it yields 
 

 ℎ′ = ℎ − 2𝜕𝜇𝜉𝜇                                                (15) 
 

Also, 
 

𝐻𝜇′𝜐′
= 𝐻

 𝜇𝜐  
− 𝜕𝜐𝜉𝜇 − 𝜕𝜇𝜉𝜐 +  𝜂 𝜇𝜐 𝜕𝛼𝜉𝛼    (16) 

 

And 

∧𝜇
𝜆′

∧
𝜐′
𝜇

= (𝛿𝜇
𝜆+𝜕𝜇𝜉𝜆)(𝛿𝜐

𝜇
−𝜕𝜐𝜉

𝜇) = 𝛿𝜐
𝜆−𝜕𝜐𝜉

𝜆 +

𝜕𝜐𝜉
𝜆 = 𝛿𝜐

𝜆 

Hence, the inverse matrix element ∧
𝜐′
𝜇

≡
𝜕𝑥𝜇

𝜕𝑥𝜐′  is given 

by                                                                   

∧
𝜐′
𝜇

= 𝛿𝜐
𝜇
−𝜕𝜐𝜉

𝜇 

Thus we obtain  
 

𝜕𝛼′𝐻𝜇′𝜐′
= 𝜕𝛼  𝐻

 𝜇𝛼  
− 𝜕𝛼𝜕𝛼 𝜉𝜇                   (17) 

 

On using (16) 
 

𝜕𝛼  𝐻
 𝜇𝛼  

= 𝜕𝛼𝜕𝛼 𝜉𝜇                                      (18) 
 

and 𝜕𝛼′𝐻𝜇′𝛼′
= 0                                          (19) 

 

Now we obtain 

−𝜕𝜆′
𝜕𝜆′𝐻𝜇′𝜐′=2𝜅 𝑇𝜇′𝜐′ 

 

On dropping primes, we finally obtain for the 

linearized Einstein field equations the following  
 

−𝜕𝜆𝜕𝜆𝐻𝜇𝜐 = 2𝜅𝑇𝜇𝝊                                    (20) 
 

Along with the supplementary (gauge) condition 
 

𝜕𝜆 𝐻
 𝜇𝜆  

= 0                                                (21) 
 

With 𝜂𝜇𝜐 =  𝜂 𝜇𝜐 = (−1,1,1,1) introduce the d’ 

Alembertian is 

⧠2 ≡=∇2 −
1

𝑐2

𝜕2

𝜕𝑡2                                        (22) 
 

Then, the linearized Einstein equations (20) becomes 
 

⧠2𝐻
 𝜇𝜐  

=−2𝜅 𝑇𝜇𝝊                                       (23) 
 

The remaining gauge freedom  𝑥𝜇 → 𝑥𝜇 + 𝜉𝜇  

preserves the gauge condition provided  𝜉𝜇  satisfies 
 

⧠2𝜉𝜇 = 0                                                    (24) 
 

Evidently equation (23) represents a wave equation 

with source term  

−2𝜅 𝑇𝜇𝝊  ≡ −(
16𝜋𝐺

𝑐4
)  𝑇𝜇𝝊 
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In empty space equation (23) reduces to 
   

⧠2𝐻
 𝜇𝜐  

= 0                                                   (25) 
 

It shows that these waves approach through null 

space-time having light velocity (Iqbal et al., 2020). 
 

Gravitational Waves and Quantum Mechanics 

We know earth emits 0.005 watt energy during 

rotating about the sun. Dirac was able to quantize the 

field equations and showed that gravitation-quanta or 

gravitation is the multiple of plank constant ℎ like as 

photon; although the spin of gravitation is twice 

number of photon. Now, we would explain a plane 

wave solution, with wave vector 𝑘𝜇 and helicity ±2, 

as consisting of gravitations: quanta with energy 

momentum vector 𝑝𝜇 = ћ𝑘𝜇 and rotation quantities 

in the direction of speed ±2ћ (Gott et al., 1974). 
 

We consider that the number consistency of 

gravitons with helicity ±2 in a plane wave is 
 

𝑁 = 𝑁+ + 𝑁− =
𝜔

16𝜋ћ𝐺
(𝑒𝜆𝜈∗𝑒𝜆𝜈 −

1

2
|𝑒   𝜆

𝜆 |
2
)     (26) 

 

The gravitational radiation by any system as giving 

the rate 𝑑Γ of emitting gravitons of energy ћ𝜔 into 

the solid angle 𝑑Ω is 
 

𝑑Γ =
𝑑𝑝

ћ𝜔
=

𝐺𝜔𝑑Ω

ћ𝜋
[𝑇𝜆𝜈∗(𝑘,⃗⃗⃗  𝜔)𝑇𝜆𝜈(𝑘,⃗⃗⃗  𝜔)] −

1

2
|𝑇    𝜆

𝜆 (𝑘,⃗⃗⃗  𝜔)|
2
                                                  (27) 

 

Now for usual Lorentz-covariant heavy diffusion 

relation 𝜔2 = 𝑘2 + 𝑚2, one gets 
 

𝑣𝑔 = 1 −
1

2

𝑚2

𝜔2 +
1

2
(
1

2
−1)

2!
(
𝑚2

𝜔2)
2

+ ⋯                    (28) 
 

By LIGO the signal of GW150914 is acuminated at 

vibrations𝜔 ≈ 6.6 × 10−14𝑒𝑣, and the mass of the 

graviton 𝑚 < 1.2 × 10−22𝑒𝑣,then we have 
 

|∆𝑣𝑔| < 1.7 × 10−18                                      (29) 
 

By observation equation (29) is mostly overwhelmed 

for the frequencies which indicate the number of 

gravity. 

 

CONCLUSION:  

We can summarize that gravitation is the mani-

festation of space-time curvature and the waves 

created by heavy mass is dynamic with the velocity 

of light (Stephani, 2004). We have also arises the 

plane wave solution for quantum theory of gravi-

tational waves by energy momentum tensor which 

implies the wave like manner and particle manner.  
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